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A MEASURE THEORETICAL SUBSEQUENCE CHARACTERIZATION
OF STATISTICAL CONVERGENCE

HARRY I. MILLER

ABSTRACT. The concept of statistical convergence of a sequence was first intro-
duced by H. Fast. Statistical convergence was generalized by R. C. Buck, and
studied by other authors, using a regular nonnegative summability matrix 4 in
place of C; .

The main result in this paper is a theorem that gives meaning to the state-
ment: S = {s,} converges to L statistically (T") if and only if “most” of the
subsequences of S converge, in the ordinary sense, to L. Here T is a regular,
nonnegative and triangular matrix.

Corresponding results for lacunary statistical convergence, recently defined
and studied by J. A. Fridy and C. Orhan, are also presented.

INTRODUCTION

The concept of the statistical convergence of a sequence of reals S = {s,}
was first introduced by H. Fast [9].
The sequence S = {s,} is said to converge statistically to L and we write

nlin; sp = L (stat) if for every ¢ >0,
: -1 e _
nlgg)n Hk<n:|sx —L|>¢€}| =0,

where |A4| denotes the cardinality of the set A.

Properties of statistically convergent sequences were studied in [5, 6, 12, and
16]. In [13] Fridy and Miller gave a characterization of statistical convergence
for bounded sequences using a family of matrix summability methods.

Statistical convergence can be generalized by using a regular nonnegative
summability matrix 4 in place of C,. This idea was first mentioned by
R. C. Buck [3] in 1953 and has been further studied by Sember and Freed-
man ([10 and 11]) and Connor ([S and 7]). Regular nonnegative summability
matrices turn out to be too general for our purposes here, instead we use the
concept of a mean.

A matrix T = (am,) will be called a mean if a,, >0 when n < m, am, =0
if n>m, 2;“;1 amn =1 for all m and limy,_ o am, = 0 for each n.

If T = (amn) is a mean, following Buck, a sequence S = {s,} is said to be
statistically 7-summable to L and we write

sp — L (stat T) if for every e >0
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we have

o0
> lamn:lsn—L|>€] >0 asm— co.
n=1

The main result in this paper is a theorem that gives meaning to the state-
ment S = {s,} converges to L statistically (7") if and only if “most” of the
subsequences of S converge, in the ordinary sense, to L.

In [14] and [15] Fridy and Orhan studied lacunary statistical convergence.
We will present a measure theoretical subsequence characterization of lacunary
statistical convergence.

Results. We recall that Fridy proved [12] that a sequence S is statistically con-
vergent if and only if there exists a subset 4 of N (the natural numbers), having
density zero, such that the subsequence of S obtained by removing the terms
of S with indices in A4 is convergent in the ordinary sense. Here, 4 having
density zero means

lim n7'l{k <n:ked}=0.

n—oo
Our first step toward obtaining a subsequence characterization of statistical
(T') convergence is the following generalization of the result of Fridy just men-
tioned. In the statement of our theorem we will need a definition of T-density
Zero.
If T = (amn) is a mean, then a subset 4 of N is said to have T-density

zero if
lim Z amn=0.

m—oo
neA

Theorem 1. s, — L (stat T) if and only if there is a subset A of N such that
Sn, — L (in the usual sense) as k — oo, where N\A = {n; : k € N} and A has
T-density zero.

Proof. Suppose s, — L (statT). For each ¢, = % , n=2,3, ..., there exists
a positive integer r, (with the sequence {r,}3, strictly increasing) such that

- 1 1
(%) r > r, implies ; [a,k DSy — L| > ;] < YR
Set,

oo
A= U{k:r,,gk<r,,+, andlsk—lel} .
n=2 n
The subsequence of S obtained by removing the terms with indices in A
clearly converges, in the ordinary sense, to L.
We will now show that 4 has T-density zero. Let ¢ > 0. There exists an
n(e) € N such that
y Lol
n=n(e) n? 2
The regularity of T implies there exists an Ry, a term in the sequence {r,}
with index larger than n(e), i.e., Rye) = 'me), m(e) > n(e), such that

fn(e)—l

Z a,; < % for all r > Ry (e) (= I'm(e)) -

i=1
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Now suppose 7 > rp ) . We have

(%) ZariS z ari + Z i

iI€EA i<f,,(,) ied
IZ’n(z)

with r > Tm(e) > Tn(e)s Ij ST < TFjy1, SO

Zari= Z a,; + Z ari +---+ Z arj

i€d icA ic4 icA
i1 I (&) <i<rn(e)+1 Tn(e)+1 Si<F(e)+2 ri<i<rjy

< L + ! +- +l< i —1—<8
ORI :

by (*) and the definition of 4. So, by (*x)

Za,,- < —;—+% if r > rpe,
i€A
or A has T-density zero.

Now we look at the converse. Suppose that A has T-density zero, {n;} =
N\4 and s,, — L (in the ordinary sense). We must show that s, — L (statT’).
Let € > 0. Then there exists a k(¢) such that k > k(e) implies |s, — L| <e&
and therefore

D lanc:lsc— LI >e]
k
<Y an+ Y lan:lsi—Li>el

k<nk(,) ank(e)
< Z a,k+z [ay : k € A].
k<nk(,)

limy—o0 3y cp (e @k = O since T is regular and lim, . Slak:ke€e A1=0
because A4 has T-density 0. O

We now observe that there is a one-to-one onto correspondence between the
interval (0, 1] and the collection of all subsequences of the sequence S =
{sn}. Namely, if x € (0, 1], then x has a unique binary expansion x =
Yomei€n(x)27", en(x) € {0, 1}, with infinitely many ones. For each x €
(0, 1], let S(x) denote the subsequence of S obtained by the following rule:
sn is in the subsequence S(x) if and only if e,(x) = 1. Clearly the mapping
Xx — S(x) is a one-to-one onto mapping between (0, 1] and the collection of
all subsequences of S'.

Suppose 7 is a mean and s, — L (stat 7). It is natural to consider the set

={x € (0, 1]:S(x) converges to L}.

This set may well have Lebesgue measure zero as the following example shows
and hence “most” of the subsequences of S = {sn}, in the sense of Lebesgue
measure, need not converge to L.

Example 1. Let T denote the (C, 1) matrix and hence (stat T) convergence
is statistical convergence. Let 4 be any infinite subset of N having density
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zero. Define S = {s,} as follows. s, =1if n ¢ 4 and 5, =0 if ne€ 4.
Two easy applications of Borel’s normal number theorem [2, p. 9] shows that

m({x € (0, 1]: S(x) has infinitely many zero terms and
infinitely many one terms}) = 1

where m is Lebesgue measure. Also, lim,_,., s, = 1 (stat).

This example shows that to get the theorem mentioned in the introduction it
will be necessary to use a measure different from Lebesgue measure.

In the following, if 4 = {k,} is any subset of N, m, will denote the unique
probability measure defined on the Borel subsets of (0, 1] having the following
property:
ifj¢d,
if j =k,
and {e,(x)}32, is a sequence of independent random variables with respect to
my. See [1].

To get a little better feel for m,, consider the following inductive process.
Suppose m, has been defined for the

1
m4({x € (0, 1]:ej(x)=1}) = { i
v

2! half closed intervals of length 1,
22 half closed intervals of length 5‘5 ,
2/~ half closed intervals of lemgth ;.

Each of the last-mentioned 2/~! intervals I is divided into two abutting half-
closed intervals of length 7‘,— , call them I (left) and I (right), the domain of
my is extended as follows:

m4(I(left)) = ym4(I) if j ¢ A),
mo(I(right)) = 1m.,(1) (¢4

m4(I(left)) = (1 — zl,,) my(I)
m4(I(right)) = 5:m4(1).
m, is the unique probability measure on the Borel subset of (0, 1] whose
values on half-closed dyadic subintervals are given above.
The purpose of using zl,, instead of % when j = k, is to avoid “picking”
elements of the “bad” set 4.
We are now ready to prove the main result in this paper.

(if j = kn).

Theorem 2. Suppose T = (aun) is a mean. The sequence S = {s,} converges
(statT) to L (i.e., s, — L (statT)) if and only if there exists a subset A of N
having T-density zero such that

my(CrL) = my ({x € (0, 1]: lim (S(x))n = L}) =1.

Proof. Suppose s, — L (stat 7). Then, by Theorem 1, there exists a subset A
of N, having T-density zero such that {x, } converges, in the ordinary sense,
to L, where {n, :k € N} =N\4.
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Notice that S(x) converges to L if {n € 4 : e,(x) = 1} is a finite set.
However, by the first part of the Borel-Cantelli Lemma (see [2, p. 46])

my({x € (0, 1]: {n € A: ey(x) = 1} is infinite}) = 0

since Y, ma{x € (0,1] 1 en(x) =1} = 372, & is convergent. Therefore
my(Cr)=1.

Suppose now that S = {s,} is not statistically (7') convergent and A is
any subset of N having 7-density zero. Then, by Theorem 1 {s, }, where
{nx} = N\4, does not converge. Then we have either

lim Sn, = +00 for some subsequence {ny;} of {n;}
j—oo
or
lim s,

j—oo
or there exist A < 4 and two infinite subsets B and C of N such that ANB =
ANC=BnNnC=2 and s,<u if neB and s, >u if ne C.

Now, since m4({x € (0, 11:ex(x) =1}) =1 if n ¢ A4, we have

g =~ for some subsequence {ny;} of {n}

In Case 1, imA({x € (0, 1]:e,,kj(x) =1}) =Z% = 00.

Jj=1
In Case 2, Zm,,({x :(0,1]: e,,kj(x) =1})= Z% =00.
Jj=1

In Case 3, s=o00=) 5 =o0.

So, by the second part of the Borel-Cantelli Lemma [2, p. 48] we have:
In Case I, my({x € (0, 1]: én,, (x) = 1 for infinitely many j}) = 1.
In Case 2, my({x € (0, 1]: e,,kj(x) =1 for infinitely many j})=1.
In Case 3, my4({x € (0, 1]: en(x) =1 for infinitely many n» € B and

also for infinitely many n € C}) = 1.

Therefore, in each of the above three cases we have

my4({x € (0, 1]:.S(x) is convergent}) =0. O

Example 1 shows that s, — L (stat7T), where S = {s,} is a sequence and
T is a mean, does not imply that

m({x € (0, 1]: S(x) is convergent}) = 1.
It is natural to ask if
(%) sp — L (stat T) implies m({x € (0, 1]: (S(x))» — L (statT)}) = 1.

It is easy to construct examples to show that (x) does not hold in general.

A matrix summability method is said to have the Borel property if it sums
“almost all” sequences of 0’s and 1’s to the value % ; see [8, p. 207]. It is more
involved to find a mean T that has the Borel property and a sequence S = {s,}

such that s, — L (statT) but
m({x € (0, 1]: (S(x)), — L (statT)}) =0.
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Example 2. Let S = {s,} ={1,0,1,0,1,...}. Let T be the mean defined in
the following way. a;; = 1 and for each row m, m > 2, spread the total weight

- # equally in the odd columns and spread the total weight # equally in the
even columns. Of course, a,,, =0 if » > m. Then T is a mean satisfying the
Borel property (see [6, p. 211]) and

Sp— 1 (statT).

To show that m({x € (0, 1] : S(x) is (statT) convergent}) = 0, we con-
sider the sequences {X,}32, of random variables on the probability space
(0, 1], &, m), where & are the Borel subsets of (0, 1], that are defined
in the following manner. For each x in (0, 1]:

, 1A (S # (S(X))3,
Xi(x) = { 0 if (S(x)); = (S(x))s,
_ [ 1 i (S(x)s # (S(x))7,
20 ={ 0 it (st (S
Set Yn=X1+X2+...+Xn.

n
A little reflection shows that there exists an a > 0 such that:

m([X,=0]) >a, m(X;=1])>a
and for each n >2 and iy, i2, ..., iy € {0, 1}
m([ Xy = ipn| X1 =101, ..., Xp=1iy]) >a.
This implies that (see [3])

m({x €(0,1]: ligg}fY,,(x) > 0}) =1.

Moreover, if liminf,_, ., Y,(x) > 0, S(x) is not convergent (stat7") and hence
m({x € (0, 1]: S(x) is (statT) convergent}) =0.

Despite the above example we do have a characterization of statistical con-
vergence.

Theorem 3. The sequence S = {s,} converges statistically to L (i.e., lim,_,o Sy
= L (stat)) if and only if
m({x € (0, 1]: Ji_&(S(x)),, =L (stat)}) =1.

Proof. Suppose lim,_., s, = L (stat) and x € (0, 1] is a normal number, i.e.,
1y -1ex(x) > % as n— o0o. Then S(x) = {sn, , Sn,, ...} where lim_,, % =
2.Let ¢>0. Then

fi<kslsn —LiZ e}l < g1 < metlsi— L] 2 e}

=§£|{i§nk:|s,-—L|28}| -2.0=0
k Nk

1
%!
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as k — oo. Therefore lim,_(S(x)), = L (stat) if x is a normal number.
Since M = {x:(0, 1]: x is a normal} has Lebesgue measure one the proof of
the forward implication is complete.

Conversely, assume

m({x € (0, 1]: '}iflgo(s(x))n =L (stat)}) =1.

Then there exist two disjoint subsets {n; : k € N} and {n; : k € N} of N such
that:

(1) {nx:keN}yu{n; :keN} =N,

(2) limy_, % =2 =limy_,o, 7, and

(3) sn, — L (stat) Sm— L (stat) .
These three properties imply that

sp — L (stat), completing the proof. O

Remark 1. Suppose 0 < ¢; <1< ¢, and T = (am,) is a mean satisfying

(1
(%) m

Then s, — L (stat) if and only if s, — L (stat T). Therefore Theorem 3 can
be extended to (stat 7") convergence if T satisfies (xx).

Fridy and Orhan in [14] and [15] studied lacunary statistical convergence.
By a lacunary sequence we mean an increasing sequence of positive integers
0 = {k;} such that A, : k, — k,_; — oo as r — oo. In the following we denote
by I, := (k,—1, k;]. Let 6 be a lacunary sequence; they defined the sequence
of numbers S = {s,} to be Sy-convergent to L provided for every ¢ >0,

lim A7 '|{k € I : |si — L| > e} = 0

c
gamnsi foreachmeNandn=1,2,3,...,m.

and we write s, — L(Sy).
The following result is an analogue of a theorem of Fridy for statistical con-
vergence that can be found in [8] and related to Theorem 1 in this paper.

Theorem 4. The sequence S = {s,} satisfies s, — L(Sy) for a lacunary sequence
0 = {k,} if and only if there exists a subset A of the natural numbers such that
the subsequence of S obtained by removing the terms of S with indices in A
converges to L in the ordinary sense and lim,_,o, |AN1L|-h71 =0.

Proof. Suppose A is a subset of N such that lim,_,o, |[4N1,|-hA! = 0 and the
subsequence of S obtained by removing the terms with indices in 4 converges
in the ordinary sense to L. Then given ¢ >0,

hil{kel,:|sx— L >¢e}| <h AN,
for sufficiently large r and hence s, — L(Sy).
Conversely, suppose s, — L(Sg). Then there exists a strictly increasing
sequence of positive integers {r,} such that

h! {keI,:lsk—leéH<

1
n

forall r>r,.
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rig1—1 1
itlsk—L| > = .
ke U Llse—Li 2 5

Jj=ri

Let

A=

e

i=1

Then lim,_, |I, N A|-h;! = 0 and the subsequence of S = {s,} obtained by
removing the terms of .S with indices in 4 converges in the ordinary sense to
L.

The last theorem can be used to obtain a Sy-convergence analogue of the
proof of Theorem 2. Namely, we have the following:

Theorem 5. The sequence S = {s,} satisfies s, — L(Sg) for a lacunary sequence
0 = {k,} if and only if there exists a subset A of N such that

lim |I,NA|-h7! =0
r—oo

and
my(CL) = my ({x € (0, 1]: lim (S(x))n = L}) =1.

Proof. If s, — L(Sy), then m4(Cr) = 1. This follows as in the first half of
the proof of Theorem 2, using Theorem 4.

Suppose now that Sy = {s,} is not Sg-convergent and A4 is a subset of N
satisfying lim, .o |[I, N A|-h7! = 0. Then, by Theorem 4, the subsequence
{sn,} of S, where {n,} = N\A4, does not converge. The remainder follows
exactly as in the corresponding part of the proof of Theorem 2.

We conclude by giving an example to show that the Sy-convergence analogue
of Theorem 3 is false.

Example 3. Suppose 6 is a lacunary sequence such that 4, = 10, hy = 12, hg =

14, .... Define S = {s,} as follows: s, =0 if n € I, and r is odd. If r
is even, the terms of {s,} with indices in I, are 1,0,1,0,...,1,0. The
sequence A, A3, hs, ... can be taken large enough, and increasing fast enough

to guarantee:

m(x € (0, 1]: h7'|{k € Iy : (S(x))x = 0}| > .99) > .99,
m(x € (0, 1]: hy'|{k € I : (S(x))x = 0}| > .999) > .999,

By the first part of the Borel-Cantelli Lemma

m({x € (0, 1]: (S(x))» — 0 (Sp)}) =1,
but s, » 0 (Ss).
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